Abstract. In this paper, we study the time-asymptotic behavior of solutions to the Cauchy problem for multi-dimensional parabolic conservation laws with fractional dissipation. For arbitrarily large initial data, we obtain the optimal decay rates in L 2 and homogeneous Sobolev spaces for solutions to the equation with the power of Laplacian 1 2 < α ≤ 1 by using the time-frequency decomposition method and the energy method. The argument is based on a maximum principle.
1.
Introduction. In this paper we study the large time behavior of solutions u = u(t, x) to the Cauchy problem for the multi-dimensional parabolic conservation laws with fractional dissipation:
α u, u(0, x) = u 0 (x), (1.1) where the initial data is arbitrarily large, (t, x) ∈ R + × R n (n ≥ 2) and 1 2 < α ≤ 1. Here f i 's are sufficiently smooth and satisfy
with 1 ≤ β ∈ Z + . The operator (−∆) α is the pseudo-differential operator defined by the Fourier transform 1 2 < α ≤ 1 and show the optimal decay rates for the solution in the homogeneous Sobolev spaces. The paper is organized as follows. In Section 2, we introduce some notations and state our main results. In Section 3, we prove the maximum principle for equation (1.1) , which states that the L p norm of the solution is controlled by the L p norm of the initial data. In Section 4, we get the optimal decay rates of the solutions in L 2 space. We first introduce the time-frequency cut-off operator which makes the solutions into two parts: the low frequency part and the high frequency part. On the basis of the maximum principle we get the estimate of the low frequency part. Then, we get the optimal decay rate of the solutions in L 2 by the energy method. In Section 5, we first get the optimal decay rate for the low frequency part of the solutions by using some basic inequalities. Then, we obtain a preliminary decay rate inḢ γ by the energy method. This estimates which combined with Gagliardo-Nirenberg inequality will give us a decay estimate in the L ∞ space. We can then obtain the optimal decay rate inḢ γ by this L ∞ estimate.
2. Notations and main results. We now list some notations that will be used in subsequent sections. As usual, f is the Fourier transform of f , i.e.,
Throughout the paper, C stands for a "harmless constant", whose precise meaning will be clear from the context, and its value may be different from line to line.
We write D for (−∆)
The spaceḢ γ,p (R n ) denotes the Sobolev space normed by
where γ ∈ R and D γ is defined by
When p = 2, we abbreviateḢ γ,2 toḢ γ , denoting the homogeneous Sobolev space.
The main theorem of this paper is the following
where [a] means the greatest integer less than or equal to a.
for any t ≥ 0, where the constant C only depends on u 0 L ∞ , u 0 L 1 , γ and n.
3. Preliminaries. We first recall some important results needed for the proof of our main theorem.
3.1. Maximum principle. The starting point of our investigation is the maximum principle in the L p space, 1 ≤ p ≤ ∞, i.e. the L p norm of solutions of equation (1.1) is controlled by the L p norm of the initial data. The key to the maximum principle is the positivity lemma as stated below. The original version was first presented in Resnick [14] . In [5] , Constantin, Córdoba and Wu gave a detailed proof of the maximum principle for the Q-G equation. Our proof of the maximum principle is similar to that given in [7] , which is valid for more general flows.
A detailed proof of the above lemma can be found in [7] for the Q-G equation, which also works for equation (1.1). 
where
By the Positivity Lemma, we have
For p = ∞, the maximum principle is valid by [8, Theorem 1.1 ii)].
Some inequalities.
To get the optimal decay rate of u in homogeneous Sobolev space, we need the following inequalities.
Lemma 3.3 ([13]).
Assume that f (u) is smooth enough, and
3) where C is a constant depending on γ and µ 0 . Lemma 3.4 (Gronwall's Inequality [4] ). Suppose that a < b and let α, ϕ and ψ be non-negative continuous functions defined on the interval [a, b]. Moreover, suppose that α is differentiable on (a, b) with non-negative continuous derivativeα. If, for all t ∈ [a, b],
Lemma 3.5 (Gagliardo-Nirenberg Inequality [3] ). Let 1 ≤ p, q, r ≤ ∞ and let j, m be two integers, 0 ≤ j < m. If
The following lemma is needed for the proof of Proposition 4.2. A similar estimate can be found in [6] .
, then a solution u of (1.1) satisfies the inequality
Proof. By Fourier transform, we can rewrite equation (1.1) as
we obtain
We first introduce the time-frequency cut-off operator which makes the solutions into two parts. Let
be a smooth function. Define the time-frequency cut-off operator χ(t, D) with the symbol χ(t, ξ) = χ 0 (µ −1 (1 + t)|ξ| 2α ), where µ is a constant. For a solution u of (1.1), we can decompose it into two parts: the low frequency part u L and the high frequency part u H , where u L (t, x) = χ(t, D)u(t, x) and u H (t, x) = (1 − χ(t, D))u(t, x). Then u L and u H satisfy the following equations respectively:
1)
.
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Thus we get the decay rates of the low frequency part in L 2 :
4.2. The optimal decay rates of u in L 2 space. We have the following interesting law between the decay rate of u L and the decay rate of u.
Proof. Taking L 2 energy estimate of (1.1), we get
From (4.5) and (4.6), we deduce that
By the assumption, (4.
Multiplying the above inequality by e t 0 µ(1+τ ) −1 dτ = (1 + t) µ and integrating from 0 to t, we get
Taking µ to be any constant greater than 2σ, we obtain
By Proposition 4.1 and (4.3), we get the optimal decay rate of u in L 2 space:
By a similar argument and the above estimate, we also have the following proposition which will be needed in the next section. Proposition 4.2. We have the following estimate:
Proof. By (4.5), we have
Using the estimate (4.6), we obtain
Therefore, by Lemma 3.6, we get
As in the proof of Proposition 4.1, we have
The inequality (4.9) now follows from (4.8).
Decay rates inḢ
γ . In this section we get the optimal decay rate of the solutions u in homogeneous Sobolev space. For the optimal decay rate of the low frequency part we use the maximum principle, while for the high frequency part we use the energy estimate.
Decay rates of low frequency part inḢ
γ . As before, set µ −1 (1+t)|ξ| 2α = |ζ| 2α . We have
Thus we get the decay rates of the low frequency part inḢ γ : In what follows, we will obtain the optimal decay rate in homogeneous Sobolev spaceḢ γ in two steps. First we deal with the case γ − α ∈ Z + , for which Lemma 3.3 is applicable. Using Lemma 3.3, the maximum principle and Proposition 4.2, we obtain a preliminary decay rate, which combined with Gagliardo-Nirenberg inequality will give us a decay estimate in the L ∞ space. We can then obtain the optimal decay rate in this case by this L ∞ estimate, Lemma 3.3 and Gronwall's inequality. Finally we use an interpolation argument to obtain the optimal decay rate for the remaining cases.
5.2.1. Case γ − α ∈ Z + . We know that u H satisfies the equation (4.2):
In order to estimate u H , multiplying (4.2) by D 2γ u H and integrating it in x, we get
For the nonlinear term J 1 , by Hölder's inequality and Lemma 3.3 (since γ − α ∈ Z + ), we have
Again by Hölder's inequality, we have
where γ 1 , γ 2 satisfy
Thus,
(5.5) Using the maximum principle, we have
Combining (5.2), (5.4) and (5.6) and using Young's inequality, we obtain 1 2
Therefore, by (5.1), we have
According to the definition of the cut-off operator, we know that
We then have
Using Proposition 4.2 and multiplying (5.9) by e t 0 µ(1+τ ) −1 dτ = (1 + t) µ and integrating from 0 to t, we have
(5.10)
Taking µ to be any constant greater than n 2α , we then get 
By Gagliardo-Nirenberg inequality (where we take j = 0, p = ∞, q = r = 2, m = n and a = 1/2), we have
(5.12)
Substituting (4.8) and (5.11) into (5.12), we have
Since f i (u) = O(|u| 1+β ), by Lemma 3.3, we have
(5.14)
By Hölder's inequality, we have
Thus, using (5.13), we obtain
H γ . As in (5.7), we then have
By Gronwall's inequality, we have 
We have Combining (5.16) and (5.17), we obtain the optimal decay rate of the solutions to (1.1) inḢ γ space:
4α .
